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Sol-gel transition of reversible cluster-cluster aggregations

Takamichi Terao and Tsuneyoshi Nakayama
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 30 April 1998!

This paper investigates the sol-gel transition of reversible cluster-cluster aggregations in terms of numerical
simulations. The temperature dependence of the sol-gel transition pointcg is calculated by forming clusters
with different particle concentrations for two-dimensional (d52) and three-dimensional (d53) systems. We
present phase diagrams on sol-gel transitions from these calculations. The fractal dimensionD f for d53
reversible cluster-cluster aggregations is calculated at the sol-gel transition point, which givesD f52.460.1,
apparently larger than that of diffusion-limited cluster-cluster aggregations. These results show good agreement
with those obtained by small-angle x-ray scattering experiments.@S1063-651X~98!15809-9#

PACS number~s!: 61.43.Hv, 82.70.Gg, 82.20.Wt
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I. INTRODUCTION

The aggregation processes of fine particles have attra
a great deal of interest in the past decade, due to their w
range of practical applications or their own scientific impo
tances@1,2#. There are two types for aggregation process
One is the particle-cluster aggregation@diffusion-limited ag-
gregation~DLA !# proposed by Witten and Sander@3#, for
which the fractal dimensionD f becomes distinctly smalle
than the Euclidean dimensiond. This is a basic model for a
variety of aggregations and other growth processes, in wh
only one particle is allowed in the vicinity of a growin
cluster and all growth initiates from a collision between
single particle and a cluster. These features are, howe
unrealistic for many actual colloidal systems. The other
the cluster-cluster aggregation model developed by Mea
@4# and Kolb, Botet, and Jullien@5#, which describes the
sol-gel transition due to a nonequilibrium process, who
underlying mechanism leading to the formation of gel n
works has been far from complete. When the particle c
centrationc is larger than a characteristic gel concentrat
cg , an aggregate spans a box from edge to edge in t
directions and forms a gel network. Though several differ
models have been proposed to elucidate the formation o
gel network@6#, the cluster-cluster aggregation model is t
most successful one for understanding the gel formation

The structural and kinetic characteristics of colloidal a
gregations have been investigated by experiments and c
puter simulations@7,8#, which have yielded a significant in
sight into the processes involved. It has been pointed
@9,10# that the interaction energy between particles plays
important role in the aggregation, namely, when the inter
tion energy is sufficiently strong, these aggregation proce
become irreversible, and once particles~or clusters! are
bonded together, they cannot break up. This aggregation
cess is called diffusion-limited cluster-cluster aggregat
~DLCA!, and it is known that this model describes well t
structure of chemical gels such as silica aerogels@11,12#.
Much research has been performed for the DLCA model,
various physical properties such as cluster-size distributio
kinetic gelations, and those vibrational dynamics have b
investigated@4,5,11,13,14#. Numerical simulations indicate
that the fractal dimensions of diffusion-limited cluste
PRE 581063-651X/98/58~3!/3490~5!/$15.00
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cluster aggregation take values ofD f51.4460.03 for d52
andD f51.7860.06 ford53 @1#.

There exist cases in which the effective attractive forc
between particles~or clusters! are relatively weak or the tem
perature of the system is sufficiently high so that partic
have high probability to escape from the cluster and br
up. This aggregation process isreversible, i.e., particles are
allowed to restructure within clusters or even break up fr
it. This model corresponds to physical gels, which have d
ferent properties from chemical gels described by the o
nary DLCA model. In the following, we refer to this aggre
gation as reversible cluster-cluster aggregation. Compare
the ordinary DLCA model, the physical properties of th
reversible cluster-cluster aggregation model have not b
clarified.

Reversible aggregations have been theoretically inve
gated by several authors@15–21#. Shih, Aksay, and Kikuchi
@20# have performed computer simulations for the reversi
cluster-cluster aggregation model ond52, taking into ac-
count a finite attraction energy between particles. They h
numerically studied the temporal evolution of clusters a
the structure of aggregates, and demonstrated that the fi
binding energy between particles changes the structure
aggregates. Jinet al. @21# have studied the gel formation o
the model proposed by Shih, Aksay, and Kikuchi@20# on d
52, and found that the sol-gel transition pointc5cg is non-
zero and independent of the system sizeL when the interac-
tion energy between particles is not very strong. Howev
there are few works on thermodynamic properties of reve
ible aggregations, and the understanding on these system
far from complete. Especially, direct numerical investig
tions on d53 reversible cluster-cluster aggregations a
lacking to clarify the gel formation processes in actual m
terials such as colloidal aggregations.

In this paper, the sol-gel transition of the reversib
cluster-cluster aggregation model is numerically studied. T
sol-gel transition pointcg and its temperature dependence a
determined by forming clusters on ad52 square lattice and
a d53 simple-cubic lattice, by changing particle concent
tions. From these calculations, phase diagrams for sol
transitions are obtained ford52 andd53 systems. In addi-
tion, the fractal dimensionD f of aggregates on the sol-ge
transition point is obtained asD f52.460.1, which is appar-
3490 © 1998 The American Physical Society
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ently larger than that of thed53 DLCA model. This result
agrees well with results by small-angle light and x-ray sc
tering experiments.

II. MODELS

We describe the formation rules of the reversible clus
cluster aggregation, in the system of unitsa51 for a lattice
constant@4,5,20#. In this model,N particles are randomly
disposed in a cubic box of the sizeL, where the particle
concentration isc[N/L3. Thei th particle~or cluster! is cho-
sen at random according to the probabilityP(ni ,a) defined
by

P~ni ,a![
ni

a

S ini
a , ~1!

whereni is the number of particles in thei th cluster anda is
a numerical parameter. Thei th cluster is moved by one ste
along a randomly chosen direction among six directio
~61,0,0!, ~0,61,0!, ~0,0,61! in a cubic box. If the cluster
does not collide with another one, the displacement is p
formed and the algorithm goes on by choosing again ano
cluster. When two clusters collide, they stick together for
ing a new large cluster, and another cluster is chosen aga
random.

Here the total energy of the systemE is defined as a
summation of all binding energies between nearest-neigh
particles such as

E[ (
^m,n&

emn , ~2!

whereemn is the interaction energy between particlesm and
n, which is given byemn52e (e.0) if particlesm and n
are nearest-neighbor, otherwiseemn50. The particles are al
lowed to rearrange their positions within the same cluste
break apart from it, which is different from the ordina
DLCA model. The probabilitypb of such moves depends o
the difference of the total energy of the systemDE due to
this process, which is given by

pb5 H 1
exp~2DE/kBT!

for DE,0,
for DE>0, ~3!

wherekB andT are the Boltzmann constant and a tempe
ture of the system, respectively. For detailed algorithm
this model, see Ref.@20#. This procedure is repeated until th
total energy of the systemE approaches a constant valu
After sufficiently long time steps, the system reaches a th
mal equilibrium state.

III. NUMERICAL RESULTS

At first, we construct reversible cluster-cluster aggre
tions by means of computer simulations, where the clus
are formed on ad52 square lattice and ad53 simple-cubic
lattice, under periodic boundary condition in all spatial dire
tions. The interaction energye between nearest-neighbor pa
ticles @see Eq.~2!# is taken ase51. In the following, the
parametera in Eq. ~1! is chosen asa50 for simplicity @14#.
The calculations with the parametera520.42 are also per-
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formed to confirm our numerical results@22#, which give the
same conclusion as the case fora50.

Figure 1 shows the time development of the mean clu
size on thed53 system for five different temperature
(kBT/e51.0, 1.1, 1.25, 1.5, and 2.0!. The system sizeL and
the particle concentrationc are taken asL530 and c
50.04, respectively. At smaller time steps (<53104), the
system does not approach an equilibrium state. Figur
shows such a tendency that the mean cluster size beco
larger as the temperature decreases. This result reflect
fact that the mean cluster size diverges at the sol-gel tra
tion point.

Figure 2 shows the time dependence of the total energE
of d53 reversible cluster-cluster aggregations for three d
ferent temperatures (kBT/e51.0, 1.5, and 2.0!, whereE is
defined by Eq.~2!. The system sizeL and the particle con-
centrationc are taken as the same values as those in Fig
After ;105 time steps, the total energyE becomes approxi-
mately constant at each temperature as seen from Fig

FIG. 1. The time development of the mean-cluster size for fi
different temperatures (kBT/e51.0, 1.1, 1.25, 1.5, and 2.0! for the
d53 system. The system sizeL and the particle concentrationc are
taken asL530 andc50.04, respectively.

FIG. 2. The time dependence of the total energyE for three
different temperatures (kBT/e51.0, 1.5, and 2.0! for the d53 sys-
tem, whereE is defined by Eq.~2!. The system sizeL and the
particle concentrationc are taken asL530 andc50.04, respec-
tively. Horizontal lines are only guides for the eye.
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indicating that the system reaches an equilibrium state.
ure 2 confirms that sufficiently long time steps are taken
study behaviors of cluster-cluster aggregations at ther
equilibrium.

Figures 3~a! and 3~b! show snapshots ofd53 reversible
cluster-cluster aggregations formed on a simple-cubic latt
after sufficiently long time steps (>23105). In Fig. 3~a!, the
system size and the particle concentration are taken aL
530 andc50.04, respectively, and the temperature is ch
sen to bekBT50.1e. In Fig. 3~b!, the system size and th
particle concentration are the same as those in Fig. 3~a!, and
the temperature is chosen to bekBT52.0e. At lower tem-

FIG. 3. ~a! Three-dimensional reversible cluster-cluster agg
gation formed on a simple-cubic lattice. The system size and
particle concentration are taken asL530 andc50.04, respectively.
The temperature is taken to bekBT50.1e. ~b! Three-dimensional
reversible cluster-cluster aggregation formed on a simple-cubic
tice. The system size and the particle concentration are takenL
530 and c50.04, respectively. The temperature is taken to
kBT52.0e.
g-
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perature@Fig. 3~a!#, the maximum cluster spans from end
end in a box and forms a gel network. On the contrary,
see that at higher temperature@Fig. 3~b!#, a lot of small clus-
ters exist in a box and do not form a gel network, though
concentration of the particlesc is the same between thes
two different systems. These calculated results indicate
the sol-gel transition depends on temperatureT.

Figure 4 shows the calculated results on the phase
gram of reversible cluster-cluster aggregations formed o
d52 square lattice. We have computed 120 samples for e
set of particle concentration and temperature, and the g
tion point cg5cg(T) is determined as the valuec for which
half of all the calculated samples form a gel network@21#.
We have investigated the properties of aggregates with
different system sizesL. In Fig. 4, solid circles and open
circles indicate the sol-gel phase boundaries withL5120
and 160, respectively. Results with different system si
show good agreement, indicating that the sol-gel transit
point c5cg on reversible cluster-cluster aggregation do
not depend on the system size at sufficiently high tempe
ture, which has been pointed out for ad52 system@21#.
This result shows that the value ofcg5cg(T) becomes larger
with increasing temperature of the system.

Figure 5 shows the phase diagram of reversible clus
cluster aggregations formed on ad53 cubic lattice. Solid
and open circles show the numerical results oncg for the
system sizeL530 and 36, respectively. In these calculation
the number of time steps is taken to be over 2.43105 for L
530 and 53105 for L536 to construct each aggregatio
since much longer time steps are necessary to approach
mal equilibrium with increasing system sizes. This result
consistent with Figs. 3~a! and 3~b!, implying that, at the par-
ticle concentrationc50.04, there is a sol-gel transition be
tween temperatureskBT50.1e and 2.0e on three-
dimensional system. To our knowledge, this is the fi
observation of the sol-gel transition and its phase-diagr
for d53 reversible cluster-cluster aggregations in terms
computer simulations.

In Fig. 6, the number of particles of the maximum clus
Nmax is plotted againstRg on a log-log scale, whereRg is the
gyration radius of the cluster in units of a lattice consta

-
e

t-

e

FIG. 4. Phase diagram of reversible cluster-cluster aggrega
formed on ad52 square lattice. Solid circles and open circles sh
the results forL5120 and 160, respectively. The binding ener
between particlese is taken ase51.
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The gyration radiusRg is defined as@23#,

Rg[
1

2Nmax
2 (

i , j 51

Nmax

ur i2r j u, ~4!

wherer i denotes the positional vector of thei th particle. The
particle concentration and the temperature are chosen t
c50.058 andkBT52.0e, respectively. These paramete
correspond to the sol-gel transition pointc5cg(T) on the
d53 system~see Fig. 5!. The fractal dimensionD f of re-
versible cluster-cluster aggregations can be obtained f
the relationship between the number of particleNmax and the
gyration radiusRg such as

FIG. 6. The relationship betweenNmax and Rg at the sol-gel
transition point, whereNmax is the size of a maximum cluster an
Rg is its gyration radius in units of a lattice constanta51. The
temperature and the particle concentration are taken askBT52.0e
andcg50.058, respectively.

FIG. 5. Phase diagram of reversible cluster-cluster aggrega
formed on ad53 simple-cubic lattice. Solid circles and ope
circles show the results forL530 and 36, respectively. The bindin
energy between particlese is taken ase51.
be

m

Nmax}Rg
D f . ~5!

From Fig. 6, the value ofD f is found to beD f52.460.1 by
the least-squares fitting, which is apparently larger than
of the d53 diffusion-limited cluster-cluster aggregatio
model (D f51.7860.06). This difference is due to the re
structuring effect of aggregations@9,10,20#. By performing
repeatedly in a temporal sequence small-angle-scatte
measurements on colloidal aggregations, it has been fo
that colloidal aggregates with an initially lower fractal d
mension (D f'1.75) restructure having a higherD f ~'2.08
@9# and 2.4@10#! at a later time. These experiments clea
indicate that a reversibility plays an important role in t
growth process. Our results have demonstrated that the s
ture of the aggregates shows fractality during restructuri
and the fractal dimensionD f depends on the reversible na
ture of aggregation processes. Though these calculation
performed on lattice systems, it would not affect our conc
sions because of universality. This feature is in good agr
ment with experimental results@9,10#.

IV. CONCLUSIONS

To summarize, we have performed computer simulatio
on reversible cluster-cluster aggregations, which is known
be a successful model for the gel formation. Especially,
have concentrated on the sol-gel transition of revers
cluster-cluster aggregations, i.e., the model of physical g
in which the finite binding energy between particles plays
important role. With allowing particles to restructure with
clusters or break up from them, the aggregates have b
formed on a square lattice and a simple-cubic lattice
changing particle concentrations and temperatures. For fo
ing aggregates, it has been experimentally observed tha
size of the clusters increases at the first stage. After su
ciently long time steps, the total energy of the system
comes approximately constant, indicating that the sys
reaches thermal equilibrium. At higher temperatures, sm
clusters are distributed in a box and they do not form a
network. With decreasing the temperature of the system,
size of the clusters increases rapidly, and at lower temp
tures a cluster spans from end to end in a box and forms a
network. This indicates that the sol-gel transition depends
the temperatureT. We have obtained, from these calculatio
on the sol-gel transition pointcg5cg(T), phase diagrams fo
a d52 square lattice and ad53 simple-cubic lattice as a
function of a particle concentrationc and the temperatureT.

We have found that there is a nonzero sol-gel transit
point c5cg being independent of the system sizeL, which is
consistent with the previous studies ond52 systems@21#. It
has been also observed that the value ofcg becomes larger as
the temperature of the system increases. In addition, the
lationship between the particle number in the maximum cl
ter Nmax and its gyration radiusRg has been investigated, an
the fractal dimensionD f for d53 reversible cluster-cluste
aggregations is calculated at the sol-gel transition point. T
takesD f52.460.1, which is apparently larger than that
the d53 DLCA model with D f'1.78. Our results indicate

n
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3494 PRE 58TAKAMICHI TERAO AND TSUNEYOSHI NAKAYAMA
that aggregates clearly take fractal structure during the
structuring process and the value of fractal dimensionD f
changes due to the reversible nature of the aggregation
cess, which is in good agreement with the results of sm
angle-scattering experiments on colloidal aggregations.
work will shed light on the thermodynamic properties
cluster-cluster aggregations over a wide range of experim
tal conditions@7–10#.
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