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Sol-gel transition of reversible cluster-cluster aggregations
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This paper investigates the sol-gel transition of reversible cluster-cluster aggregations in terms of numerical
simulations. The temperature dependence of the sol-gel transition @pistcalculated by forming clusters
with different particle concentrations for two-dimensiond=2) and three-dimensionatl& 3) systems. We
present phase diagrams on sol-gel transitions from these calculations. The fractal dinignsand=3
reversible cluster-cluster aggregations is calculated at the sol-gel transition point, whiclbgiv@sA+0.1,
apparently larger than that of diffusion-limited cluster-cluster aggregations. These results show good agreement
with those obtained by small-angle x-ray scattering experim¢8t)63-651X98)15809-9

PACS numbgs): 61.43.Hv, 82.70.Gg, 82.20.Wt

I. INTRODUCTION cluster aggregation take values Bf=1.44+0.03 ford=2
andD;=1.78+0.06 ford=3 [1].

The aggregation processes of fine particles have attracted There exist cases in which the effective attractive forces
a great deal of interest in the past decade, due to their wideetween particlegor clusters are relatively weak or the tem-
range of practical applications or their own scientific impor-perature of the system is sufficiently high so that particles
tances[1,2]. There are two types for aggregation processeshave high probability to escape from the cluster and break
One is the particle-cluster aggregatigatiffusion-limited ag-  uUp. This aggregation processrisversible i.e., particles are
gregation(DLA)] proposed by Witten and Sandgs], for ~ allowed to restructure within clusters or even break up from
which the fractal dimensiol; becomes distinctly smaller it. This model corresponds to physical gels, which have dif-
than the Euclidean dimensiah This is a basic model for a ferent properties from chemical gels described by the ordi-
variety of aggregations and other growth processes, in whicRary DLCA model. In the following, we refer to this aggre-
only one particle is allowed in the vicinity of a growing gation as reversible cluster-cluster aggregation. Compared to
cluster and all growth initiates from a collision between athe ordinary DLCA model, the physical properties of the
single particle and a cluster. These features are, howevei€versible cluster-cluster aggregation model have not been
unrealistic for many actual colloidal systems. The other isclarified.
the cluster-cluster aggregation model developed by Meakin Reversible aggregations have been theoretically investi-
[4] and Kolb, Botet, and Julliei5], which describes the gated by several authof$5-21]. Shih, Aksay, and Kikuchi
sol-gel transition due to a nonequilibrium process, whosé20] have performed computer simulations for the reversible
underlying mechanism leading to the formation of gel net-cluster-cluster aggregation model adr=2, taking into ac-
works has been far from complete. When the particle concount a finite attraction energy between particles. They have
centrationc is larger than a characteristic gel concentrationnumerically studied the temporal evolution of clusters and
Cy. an aggregate spans a box from edge to edge in thrd@e structure of aggregates, and demonstrated that the finite
directions and forms a gel network. Though several differenbinding energy between particles changes the structure of
models have been proposed to elucidate the formation of theggregates. Jiet al. [21] have studied the gel formation on
gel network[6], the cluster-cluster aggregation model is thethe model proposed by Shih, Aksay, and Kikuf2@] ond
most successful one for understanding the gel formation. =2, and found that the sol-gel transition poat c is non-

The structural and kinetic characteristics of colloidal ag-zero and independent of the system dizehen the interac-
gregations have been investigated by experiments and cortion energy between particles is not very strong. However,
puter simulationg7,8], which have yielded a significant in- there are few works on thermodynamic properties of revers-
sight into the processes involved. It has been pointed ouble aggregations, and the understanding on these systems is
[9,10] that the interaction energy between particles plays afiar from complete. Especially, direct numerical investiga-
important role in the aggregation, namely, when the interactions on d=3 reversible cluster-cluster aggregations are
tion energy is sufficiently strong, these aggregation processdgcking to clarify the gel formation processes in actual ma-
becomeirreversible and once particlegor clusters are terials such as colloidal aggregations.
bonded together, they cannot break up. This aggregation pro- In this paper, the sol-gel transition of the reversible
cess is called diffusion-limited cluster-cluster aggregatiorcluster-cluster aggregation model is numerically studied. The
(DLCA), and it is known that this model describes well the sol-gel transition point, and its temperature dependence are
structure of chemical gels such as silica aerogéls12. determined by forming clusters onda=2 square lattice and
Much research has been performed for the DLCA model, ané d=3 simple-cubic lattice, by changing particle concentra-
various physical properties such as cluster-size distributiongions. From these calculations, phase diagrams for sol-gel
kinetic gelations, and those vibrational dynamics have beetransitions are obtained fat=2 andd=3 systems. In addi-
investigated[4,5,11,13,14 Numerical simulations indicate tion, the fractal dimensio; of aggregates on the sol-gel
that the fractal dimensions of diffusion-limited cluster- transition point is obtained d3¢=2.4+0.1, which is appar-
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ently larger than that of thd=3 DLCA model. This result 107 : ———r
agrees well with results by small-angle light and x-ray scat- .
tering experiments. [ —— kgT=10¢
------ kgT=1.1¢
Il.MODELS N | kgT=125¢
We describe the formation rules of the reversible cluster- £ -4 kgT=1.5¢ ;
weme kpT=2.0€ M

cluster aggregation, in the system of urdts 1 for a lattice
constant[4,5,20. In this model,N particles are randomly
disposed in a cubic box of the sidze where the particle
concentration is=N/L2. Theith particle(or clustey is cho-
sen at random according to the probabilRyn; ,«) defined

by 10° e e ey

ne 10° 10*
i (1) Time steps

2 FIG. 1. The time development of the mean-cluster size for five

wheren; is the number of particles in th¢h cluster andvis  different temperatureskgT/e=1.0, 1.1, 1.25, 1.5, and 2.or the
a numerical parameter. Thih cluster is moved by one step d=3 system. The system siteand the particle concentratiarare
along a randomly chosen direction among six directiong@ken as. =30 andc=0.04, respectively.
(*+1,0,0, (0,+1,0, (0,0,+1) in a cubic box. If the cluster
does not collide with another one, the displacement is performed to confirm our numerical resuft82], which give the
formed and the algorithm goes on by choosing again anothesame conclusion as the case for 0.
cluster. When two clusters collide, they stick together form-  Figure 1 shows the time development of the mean cluster
ing a new large cluster, and another cluster is chosen again size on thed=3 system for five different temperatures
random. (kgT/e=1.0, 1.1, 1.25, 1.5, and 2.0The system sizé and

Here the total energy of the systeBis defined as a the particle concentratiot are taken asL=30 andc
summation of all binding energies between nearest-neighbot 0.04, respectively. At smaller time steps§x 10%), the
particles such as system does not approach an equilibrium state. Figure 1

shows such a tendency that the mean cluster size becomes

Mean cluster size
—
oiﬂ
1

P(ni ia)E

E=S 2 larger as the temperature decreases. This result reflects the
= €mn> 2 f : : ;
() act that the mean cluster size diverges at the sol-gel transi-
) ) } ] tion point.
whereey, is the interaction energy between particlesand Figure 2 shows the time dependence of the total enErgy

n, which is given byey,=—e€ (¢>0) if particlesmandn  of d=3 reversible cluster-cluster aggregations for three dif-
are nearest-neighbor, otherwigg,=0. The particles are al- ferent temperatureskfT/e=1.0, 1.5, and 2)) whereE is
lowed to rearrange their positions within the same cluster ofefined by Eq(2). The system siz& and the particle con-
break apart from it, which is different from the ordinary centrationc are taken as the same values as those in Fig. 1.
DLCA model. The probabilityp, of such moves depends on after ~10° time steps, the total enerdy becomes approxi-
the difference of the total energy of the systert due to  mately constant at each temperature as seen from Fig. 2,
this process, which is given by

_ 1 for AE<O,
Po= | expg(— AE/kgT) for AE=0, ®)

wherekg and T are the Boltzmann constant and a tempera-
ture of the system, respectively. For detailed algorithm of
this model, see Ref20]. This procedure is repeated until the

total energy of the systerk approaches a constant value.

After sufficiently long time steps, the system reaches a ther-
mal equilibrium state.

38)

Total Energy (10

IIl. NUMERICAL RESULTS

At first, we construct reversible cluster-cluster aggrega- 2.5 . L - .
tions by means of computer simulations, where the clusters 0.0 Lo 20 3‘2
are formed on @=2 square lattice and@d= 3 simple-cubic Time steps x10
lattice, under periodic boundary condition in all spatial direc- £, 2. The time dependence of the total eneEgyor three
tions. The interaction energybetween nearest-neighbor par- giferent temperaturesktT/e=1.0, 1.5, and 2)0for thed=3 sys-
ticles [see Eq.(2)] is taken ase=1. In the following, the tem, whereE is defined by Eq.(2). The system siz& and the
parametew in Eq. (1) is chosen ag=0 for simplicity [14].  particle concentratior are taken as =30 andc=0.04, respec-
The calculations with the parameter —0.42 are also per- tively. Horizontal lines are only guides for the eye.
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FIG. 4. Phase diagram of reversible cluster-cluster aggregation
formed on ad=2 square lattice. Solid circles and open circles show
the results forlL=120 and 160, respectively. The binding energy

between particleg is taken as=1.

peraturg Fig. 3@], the maximum cluster spans from end to
end in a box and forms a gel network. On the contrary, we
see that at higher temperatdfég. 3(b)], a lot of small clus-
ters exist in a box and do not form a gel network, though the
concentration of the particles is the same between these
two different systems. These calculated results indicate that
the sol-gel transition depends on temperatflre

Figure 4 shows the calculated results on the phase dia-
gram of reversible cluster-cluster aggregations formed on a
d=2 square lattice. We have computed 120 samples for each
set of particle concentration and temperature, and the gela-
tion pointcy=cy(T) is determined as the valwefor which
half of all the calculated samples form a gel netw2i].
We have investigated the properties of aggregates with two
different system size&. In Fig. 4, solid circles and open
circles indicate the sol-gel phase boundaries with 120
and 160, respectively. Results with different system sizes
show good agreement, indicating that the sol-gel transition
point c=c4 on reversible cluster-cluster aggregation does
not depend on the system size at sufficiently high tempera-

FIG. 3. (a) Three-dimensional reversible cluster-cluster aggre-ture, which has been pointed out fordsa=2 system[21].
gation formed on a simple-cubic lattice. The system size and th&his result shows that the value @f=c4(T) becomes larger
particle concentration are takenlas 30 andc=0.04, respectively. ~ with increasing temperature of the system.
The temperature is taken to kgT=0.1e. (b) Three-dimensional Figure 5 shows the phase diagram of reversible cluster-
reversible cluster-cluster aggregation formed on a simple-cubic lateluster aggregations formed onda=3 cubic lattice. Solid
tice. The system size and the particle concentration are takén asand open circles show the numerical resultsagnfor the
=30 andc=0.04, respectively. The temperature is taken to begystem sizé. =30 and 36, respectively. In these calculations,
kgT=2.Ce. the number of time steps is taken to be over214® for L

=30 and 5< 10° for L=36 to construct each aggregation,

indicating that the system reaches an equilibrium state. Figsince much longer time steps are necessary to approach ther-
ure 2 confirms that sufficiently long time steps are taken tamal equilibrium with increasing system sizes. This result is
study behaviors of cluster-cluster aggregations at thermalonsistent with Figs. @) and 3b), implying that, at the par-
equilibrium. ticle concentratiorc=0.04, there is a sol-gel transition be-

Figures 3a) and 3b) show snapshots af=3 reversible tween temperatureskgT=0.1¢ and 2.& on three-
cluster-cluster aggregations formed on a simple-cubic latticedimensional system. To our knowledge, this is the first
after sufficiently long time stepsX2x 10°). In Fig. 3a), the  observation of the sol-gel transition and its phase-diagram
system size and the particle concentration are takeh as for d=3 reversible cluster-cluster aggregations in terms of
=30 andc=0.04, respectively, and the temperature is cho-computer simulations.
sen to bekgT=0.1e. In Fig. 3b), the system size and the  In Fig. 6, the number of particles of the maximum cluster
particle concentration are the same as those in K&, 8nd N, is plotted againsR, on a log-log scale, wher, is the
the temperature is chosen to kgT=2.0e. At lower tem-  gyration radius of the cluster in units of a lattice constant.
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D

0.08 T v T T T T Nmaxoc Rg f (5)
o 0.06 i From Fig. 6, the value db; is found to beD;=2.4+0.1 by
8 the least-squares fitting, which is apparently larger than that
§ 0.04 1 of the d=3 diffusion-limited cluster-cluster aggregation
S model O¢=1.78+0.06). This difference is due to the re-
g structuring effect of aggregation9,10,2Q. By performing
8 repeatedly in a temporal sequence small-angle-scattering
0.02 i measurements on colloidal aggregations, it has been found
that colloidal aggregates with an initially lower fractal di-
. . . . . mension D;~1.75) restructure having a highBx; (~2.08
0'0%‘0 o5 10 15 20 [9] and 2.4[10]) at a later time. These experiments clearly

kgl/e indicate that a reversibility plays an important role in the
growth process. Our results have demonstrated that the struc-
FIG. 5. Phase diagram of reversible cluster-cluster aggregatiofure of the aggregates shows fractality during restructuring,
formed on ad=3 simple-cubic lattice. Solid circles and open gnd the fractal dimensioB; depends on the reversible na-
energy between particlesis taken ase=1. performed on lattice systems, it would not affect our conclu-
sions because of universality. This feature is in good agree-

The gyration radiu, is defined ag23], ment with experimental resulf9,10].
Nmax
Re=oNZ_ ”_21 lri—ril, (4) IV. CONCLUSIONS
max ':] —

To summarize, we have performed computer simulations
on reversible cluster-cluster aggregations, which is known to
wherer; denotes the positional vector of thih particle. The be a successful model for the gel formation. Especially, we
particle concentration and the temperature are chosen to @ve concentrated on the sol-gel transition of reversible
c=0.058 andkgT=2.0¢, respectively. These parameters cluster-cluster aggregations, i.e., the model of physical gels
correspond to the sol-gel transition point=cy(T) on the in which the finite binding energy between particles plays an
d=3 system(see Fig. 5. The fractal dimensioD; of re- important role. With allowing particles to restructure within
versible cluster-cluster aggregations can be obtained frorfluSters or break up from them, the aggregates have been

the relationship between the number of partiig,, and the fc;]rme(_j on at_slquare Iatilcei_ and ad?'mple'mtjb'c Iaétlcef by
gyration radiusR, such as changing particle concentrations and temperatures. For form-

ing aggregates, it has been experimentally observed that the
size of the clusters increases at the first stage. After suffi-
ciently long time steps, the total energy of the system be-
comes approximately constant, indicating that the system
reaches thermal equilibrium. At higher temperatures, small
10%¢ . . — ——y clusters are distributed in a box and they do not form a gel
. ] network. With decreasing the temperature of the system, the
size of the clusters increases rapidly, and at lower tempera-
tures a cluster spans from end to end in a box and forms a gel
. network. This indicates that the sol-gel transition depends on
] the temperatur&. We have obtained, from these calculations
on the sol-gel transition poimy=c4(T), phase diagrams for
a d=2 square lattice and d=3 simple-cubic lattice as a
4 function of a particle concentratiomand the temperaturé.
] We have found that there is a nonzero sol-gel transition
pointc=cy being independent of the system sizewhich is
consistent with the previous studies @& 2 systemg21]. It
10 . . . — . has been also observed that the valuedfecomes larger as
1 3 R, 5 7 10 the temperature of the system increases. In addition, the re-
lationship between the particle number in the maximum clus-
FIG. 6. The relationship betwee,,,, and R, at the sol-gel terNmaxand its gyration radiu, has been investigated, and
transition point, wheréN,,,, is the size of a maximum cluster and the fractal dimensio; for d=3 reversible cluster-cluster
R, is its gyration radius in units of a lattice constamt1. The  aggregations is calculated at the sol-gel transition point. This
temperature and the particle concentration are takekpBs=2.0c ~ takesD;=2.4+0.1, which is apparently larger than that of
andcy=0.058, respectively. the d=3 DLCA model withD;~1.78. Our results indicate

Nmax
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